Introduction
A major problem in geometry and physics is to compute the Gromov-Witten invariants of a given target manifold. In general, this is a complicated problem. However, in certain special situations, the computations lead to beautiful objects, such as modular forms. It is clearly an important problem to locate all these special examples where the modularity exists. The simplest example of this phenomenon is the genus-1, degree-d invariants n 1,d of an elliptic curve E. It is well-known that their generating function can be expressed in terms of the Dedekind η-function
One can say much more. Let us introduce some notation. Let X be a projective manifold and M g,k (X, β) be the moduli space of genus g stable maps with k markings and fundamental class β. Let e i be the evaluation map at the i-th marked point x i and ψ i be the first Chern class of the cotangent line bundle at x i . Choose a basis φ i of H * (X, Q) with φ 0 = 1. The numerical GW invariants are defined by
The above invariant is zero unless i (deg(φ i ) + 2l i ) = 2(c 1 (T X)(β) + (3 − n)(g − 1) + k).
The advantage of Calabi-Yau manifolds, such as the elliptic curve E, is that c 1 (T X) = 0 and hence the dimension constraint is independent of β. For the elliptic curve E, the degree β can be identified with a non-negative integer d. Then, it is natural to define
The genus-1 invariant n 1,d from above corresponds to E 1 (q). By the dilaton and the divisor equations, the invariants with insertion τ 1 (1), τ 0 (φ −1 ) can be deduced from other invariants. Without loss of generality, we assume that τ l (φ i ) = τ 1 (1), τ 0 (φ −1 ). Then, Okounkov-Pandharipande [27, 28, 29] showed that the invariant (1) converges to a quasi-modular form of SL 2 (Z) with the change of variable q = e 2πiτ . Together with a result of Krawitz-Shen [22] , we shall prove the modularity for another class of examples, the elliptic orbifold P 1 with weights (3, 3, 3) , (2, 4, 4) , (2, 3, 6) . These orbifolds are the quotients of an elliptic curve E. Our methods however, are completely different from the methods of Okounkov-Pandharipande.
To state the theorem, choose a basis φ i , i = −1, 0, . . . of H * CR such that φ −1 is the divisor class and φ 0 = 1. In the above cases, c 1 (T X) = 0 and we can define (2) τ l 1 (φ i 1 ), . . . , τ l k (φ i k ) X g (q) similarly. The main result of the current paper is the following modularity theorem. Theorem 1.1. Suppose that τ l (φ) = τ 1 (1), τ 0 (φ −1 ) and X is one of the three elliptic orbifolds P 1 from above. For any multi-indices l j , i j , the GW invariant (2) converges to a quasi-modular form of an appropriate weight for a finite index subgroup Γ of SL 2 (Z) under the change of variables q = e 2πiτ /3 , e 2πiτ /4 , e 2πiτ /6 , respectively (see section 6 for the subgroups Γ and the weights of the quasi-modular forms).
We would like to remark that if we include insertions of the form τ 1 (1) then a similar statement holds. In this case however, we need to perform a dilaton shift which amounts to taking linear combinations of the above invariants.
The modular invariance has been at the center of recent physical developments of Gromov-Witten theory by Klemm and his collaborators [2, 16] . Some of the key ideas such as anti-holomorphic completion were directly inspired by their work, for which the authors express their special thanks. There is a work of similar flavor by Coates-Iritani on modularity of GW invariants of local P 2 [7] . We are informed that Paul Johnson has an independent approach to the results in this paper. We thank them for interesting discussions. When this paper is finished, we notice a related paper of Costello-Li where they constructed a B-model high genus theory of elliptic curve and obtained corresponding mirror symmetry [8] . Finally, Satake-Takahashi [37] established an isomorphism between the quantum cohomology of the above orbifold projective lines and the Milnor rings of the simple elliptic singularities, which is an important step in our main construction (although we do not make use of their results).
1.1.
Relation to the work of Krawitz-Shen. There is a companion article by Krawitz-Shen [22] . Together, we completely solved all the problems regarding the GW theory and related topics for the above three classes of orbifolds. The idea is from the Landau-Ginzburg/Calabi-Yau correspondence. Since the general philosophy applies to many other examples, let us briefly outline it.
Recall that a polynomial W is called quasi-homogeneous if there are rational numbers q i , called the degrees or the charges of x i , such that W (λ q 0 x 0 , λ q 1 x 1 , . . . , λ q N x N ) = λW (x 0 , x 1 , . . . , x N )
for all λ ∈ C * . The polynomial W is called non-degenerate if: (1) W defines a unique singularity at zero; (2) the choice of q i is unique. A diagonal matrix diag(λ 0 , λ 1 , . . . , λ N ) is called an abelian or diagonal symmetry of W if W (λ 0 x 0 , λ 1 x 1 , . . . , λ N x N ) = W (x 0 , x 1 , . . . , x N ).
The diagonal symmetries form a group G max which is always nontrivial since it contains the element J W = diag(e 2πiq 0 , e 2πiq 1 , . . . , e 2πiq N ).
When W satisfies the Calabi-Yau condition i q i = 1, X W = {W = 0} defines a Calabi-Yau hypersurface in the weighted projective space P N (c 0 , c 1 , . . . , c N ), where q i = c i /d for a common denominator d. The element J W acts trivially on X W , while for any subgroup G such that J W ⊆ G ⊆ G max , the group G = G/ J acts faithfully on X W . The LG/CY correspondence predicts that the FJRW theory of (W, G), up to analytic continuation and the quantization of a symplectic transformation, is equivalent to the Gromov-Witten theory of X W / G [30] . The case studied here are mirror of the three classes of simple elliptic singularities: E N (N = 6, 7, 8) . More precisely, = 0}/ G max . Chiodo-Ruan (see [5] ), proposed a three-step approach to the LG/CY correspondence based on the B-model. Let us take simple elliptic singularities to simplify the notation. By Berglund-Hübsch-Krawitz, P T 8 , X T 9 , J T 10 with G max is mirror to P 8 , X 9 , J 10 with the trivial group. There is a B-model construction in the latter case in terms of Saito-Givental theory. More precisely, consider the miniversal deformation of the simple elliptic singularities in the so-called marginal direction: P 8 + sx 0 x 1 x 2 , X 9 + sx 0 x 1 x 2 , or J 10 + sx 0 x 1 x 2 for all the nonsingular values of s. According to Saito, the above miniversal deformation space admits a generic semisimple Frobenius manifold structure. Givental has constructed a higher genus generating function F g over semisimple points. We should mention that the original Saito-Givental theory is defined for a germ of singularities. On the other hand, we study a "global" version of the SaitoGivental theory, where the marginal parameter s is deformed from zero to infinity. In fact, the modularity arises only from this global point of view. To emphasis this key perspective, we often refer to it as a global Saito-Givental theory.
Chiodo-Ruan (see [5] ) proposed that (i) FJRW theory of (W, G max ) is mirror to a global Saito-Givental theory at s = 0; (ii) GW theory of X W / G max is mirror to global Saito-Givental theory at s = ∞; (iii) global Saito-Givental theory at s = 0 is related to global Saito-Givental theory at s = ∞ by analytic continuation and quantization of a symplectic transformation. This article and that of Krawitz-Shen studied completely different aspects of this problem and can be treated as a single package. In particular, Krawitz and Shen proved (i), (ii) in [22] by a direct computation of the A-model for both GW theory and FJRW theory. In this article, we gave a detailed study of the B-model and affirm (iii). Therefore, by using our theorem (see Theorem 4.2), Krawitz-Shen deduced the LG/CY correspondence of all genera for the above examples.
Simple elliptic singularities are usually organized in one-parameter families, which according to Saito's interpretation (see [34] ) can be viewed as a pullback of some universal family parametrized by the modular curve. Let us point out that we are slightly abusing notation, because for X 9 and J 10 we use respectively the normal forms x . The main motivation for our choice is to simplify the exposition. The LG/CY correspondence can be proved for other normal forms as well. We will deal with the remaining cases in a separate publication.
On the other hand, we proved much more than just (iii), namely the modularity of global Saito-Givental theory! This is not a consequence of the LG/CY correspondence and represents an entirely new direction in GW theory. However, to draw the consequence for the A-model such as GW theory, we use Krawitz-Shen's theorems at critical places. Namely, we use (i) to prove the extendibility of global Saito-Givental theory over the caustic and (ii) to connect our result to GW theory.
Finally, the appearance of modularity in the B-model comes from the global behavior of the primitive form used to define the Frobenius structure. In general, it is a difficult problem to compute the primitive forms. However, in the cases under consideration, a primitive form and the corresponding Frobenius structure are determined by a choice of symplectic basis of H 1 of the corresponding elliptic curve. This basis determines a point τ ∈ H on the upper half-plane for each value of the parameter s. The domain of the parameter s can be identified with the quotient of H by the monodromy group Γ. Therefore, the global Saito-Givental function F g should be viewed as a function of τ ∈ H. In this paper, we study the transformation of F g (τ ) under τ → ν(τ ) for ν ∈ Γ. The transformation of F g (τ ) is given by the quantization of a certain symplectic transformation. This confirms (iii). We want to emphasise that F g does not transform as a modular form. A crucial idea, motivated by physics, is to complete F g (τ ) in a specific way to a non-holomorphic function F g (τ,τ ). The anti-holomorphic completion is the generalization of the corresponding construction of quasi-modular form. Then, we can show Theorem 1.2. The modified non-holomorphic function F g (τ,τ ) transforms as an almost holomorphic modular form (see the detailed statement in Section 4).
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Global Frobenius structures
To simplify the notation, we shall focus on the simple elliptic singularities of the P 8 -family:
σ takes values in the punctured complex line Σ = {σ 3 + 27 = 0}, so that the origin x = 0 is an isolated critical point. The remaining two cases can be analyzed in a similar way. The necessary modifications are explained in Section 6.
2.1. Basic set-up. Let us first recall the basic set-up of Saito's Frobenius manifold structure on the miniversal deformation of a singularity. We will use our example to illustrate the procedure.
2.1.1. The space of miniversal deformations. Recall (see [1] ) the action of the group of germs of holomorphic changes of the coordinates (C 3 , 0) → (C 3 , 0) on the space of all germs at 0 of holomorphic functions. Given a holomorphic germ f (x) with an isolated critical point at x = 0 we say that the family of functions F (s, x) is a miniversal deformation of f if it is transversal to the orbit of f . One way to construct a miniversal deformation is to choose a Clinear basis {φ i (x)} in the Jacobi algebra O C 3 ,0 / ∂ x 0 f, ∂ x 1 f, ∂ x 2 f . Then the following family provides a miniversal deformation:
where µ is the dimension of the Jacobi algebra, also known as the Milnor number or the multiplicity of the critical point.
In our setting the Milnor number is µ = 8. It is convenient to use the index set {−1, 0, 1, . . . , 6} instead of {1, . . . , µ}. We choose the following set of monomials to construct a miniversal deformation: φ −1 = x 0 x 1 x 2 , φ 0 = 1, and φ i i = 1, 2, . . . , 6 are given respectively by:
Note that s −1 is naturally identified with σ. Let us assign weight 1/3 to each variable x i so that f (σ, x) and φ i (x) become weighted-homogeneous of degree respectively 1 and 1 − d i , where
Note that assigning weight d i to each s i turns F into a weighted-homogeneous function of weight 1.
Put S = Σ × C µ−1 and X = S × C 3 . Then we have the following maps:
By definition the critical set C of F is the support of the sheaf
The map ∂/∂s i → ∂F/∂s i induces an isomorphism between the sheaf T S of holomorphic vector fields on S and q * O C , where q = p • ϕ. In particular, each tangent space T s S is equipped with an associative commutative multiplication • s depending holomorphically on s ∈ S. If in addition we have a volume form ω = g(s, x)d 3 x, where d 3 x = dx 0 dx 1 dx 2 is the standard volume form; then q * O C (hence T S as well) is equipped with the residue pairing:
where y = (y 0 , y 1 , y 2 ) are unimodular coordinates for the volume form, i.e., ω = d 3 y, and Γ ǫ is a real 3-dimensional cycle supported on
Given a semi-infinite cycle
where d S is the de Rham differential on S. The oscillatory integrals J A are by definition sections of the cotangent sheaf T a system of differential equations, which in flat-homogeneous coordinates t = (t −1 , t 0 , . . . , t 6 ) has the form
where ∂ i := ∂/∂t i (−1 ≤ i ≤ 6) and the multiplication is defined by identifying vectors and covectors via the residue pairing. Due to homogeneity the integrals satisfy a differential equation with respect to the parameter z ∈ C * :
where
is the Euler vector field and θ is the so-called Hodge grading operator :
The compatibility of the system (7)- (8) implies that the residue pairing, the multiplication, and the Euler vector field give rise to a conformal Frobenius structure of conformal dimension 1. We refer to B. Dubrovin [9] for the definition and more details on Frobenius structures. For the simple elliptic singularities of type P 8 the primitive forms can be described as follows. Let π(σ) be a solution to the differential equation
then the form ω = d 3 x/π(σ) is primitive. For the reader's convenience we prove this statement in Appendix A.
Global Frobenius structures.
Traditionally, one studies the germ at s = 0 of the Frobenius structure in singularity theory, because in general the primitive form is known to exist only locally (as a germ with respect to the deformation parameters s). For our purposes however, we would like to vary the Frobenius structure from s −1 = 0 to s −1 = ∞. This leads to the study of global Frobenius structure. In this subsection, we shall treat the construction of Saito's Frobenius manifold structure with this purpose in mind. Our first goal is to define primitive forms globally in the sense that they vary with s in a nice fashion.
2.2.1. Periods of elliptic curves and global primitive forms. Put X s,λ for the fiber ϕ −1 (s, λ) and let (S × C) ′ be the set of all (s, λ) that parametrize nonsingular fibers X s,λ . The complement of (S × C)
′ is a analytic hypersurface, called the discriminant, and the union X ′ of all non-singular fibers X s,λ is a smooth fibration over (S ×C) ′ , called the Milnor fibration. Following Looijenga [23] we compactify the fibers X s,λ by adding an elliptic curve. Namely, the map
is an embedding and we denote by X the Zariski closure of X in S × CP 3 . The map ϕ : X → S × C naturally extends to a map X → S × C. We denote by X s,λ the corresponding fibers. It is easy to check that the intersection of X s,λ with the hyperplane {z 3 = 0} (here [z 0 , z 1 , z 2 , z 3 ] are homogeneous coordinates of CP 3 ) is the elliptic curve (known also as the elliptic curve at infinity):
Moreover, the Gelfand-Leray form d 3 x/dF gives rise to a holomorphic form on X s,λ that has a simple pole along E σ , and therefore its Poincaré residue Res Eσ [d 3 x/dF ] is a holomorphic 1-form on E σ of degree 0, so it depends only on σ = s −1 but not on s 0 , s 1 , . . . , s 6 (see [23] ).
According to K. Saito (see [33] ) the primitive forms for simple elliptic singularities are parametrized by the periods of E σ (10) π A (σ) := 2πi
where A ∈ H 1 (E σ 0 , C) is any non-zero 1-cycle and A σ is a flat family of cycles uniquely determined by A for all σ in a small neighborhood of σ 0 . In Appendix A we prove that the space of solutions to (9) coincides with the space of all periods π A (σ). Slightly abusing the notation, we often omit the index σ from A σ and use A to denote the flat family of cycles induced by A. For our purposes it is convenient to rewrite the integral (10) as a period of the Gelfand-Leray form. Namely, let X s,λ be any non-singular fiber of the Milnor fibration such that s −1 = σ. The boundary of any tubular neighborhood of E σ in X s,λ is a circle bundle over E σ that induces via pullback an injective tube map L :
We refer to a as a tube or toroidal cycle. The space of all toroidal cycles coincides with the kernel of the intersection pairing on H 2 (X s,λ ; C) (see [11, 23] ). A flat family of cycles A is a multi-valued object; therefore the induced global primitive form and global Frobenius structure are multi-valued as well. This leads to the key observation that, when discussing a global Frobenius structure, it is more natural to replace Σ by its universal cover. The latter is naturally identified with the upper half-plane H. Namely, fix a reference point, say σ 0 = 0. The points in the universal coverΣ of Σ are pairs consisting of a point σ ∈ Σ and a homotopy class of paths l(t) with l(0) = σ 0 , l(1) = σ. We fix a symplectic basis {A ′ , B ′ } of H 1 (E σ 0 ; Z) once and for all. The map (σ, l(t)) → τ ′ = π B ′ /π A ′ , where the periods π B ′ and π A ′ are analytically continued along the path l(t), defines an analytic isomorphism between the universal cover of Σ and the upper half-plane H. In other words, we have a Frobenius structure on H × C µ−1 for any non-zero cycle
Flat coordinates.
The goal in this section is to construct a flat homogeneous coordinate system t = (t −1 , t 0 , . . . , t 6 ). The idea is to expand the oscillatory integrals into a power series near z = ∞. The flat coordinates will be identified with the leading coefficients in these expansions. The problem of analyzing the Gauss-Manin connection at z = ∞ was addressed by M. Noumi [25] while the construction of flat coordinates for simple and simple elliptic singularities can be found in [26] . The combination of these two articles implies the result that we need. However, our point of view is somewhat different from the one in [25] . For the reader's convenience as well as to avoid any misunderstanding we give a self-contained exposition. Let α(σ, 1) ∈ H 2 (X σ,1 ; Z) be a flat family of cycles defined for σ near σ 0 = 0. Using the rescaling x → λ 1/3 x we obtain a cycle α(σ, λ) ∈ H 2 (X σ,λ ; C). The cycle A formed by α(σ, zλ) as λ varies along the path
is a semi-infinite cycle of the type (4). The corresponding oscillatory integral takes the form
Rescaling x → λ 1/3 x and expanding the integrand in powers of z we get
where the sum is over all non-negative elements of the lattice in Q spanned over Z by the degrees d i and c δ (s, x) is
where the summation is over all integers
(note that the sum is finite) and
Given a set of middle homology cycles α i (−1 ≤ i ≤ 6) we define the matrix Π whose entries are the following periods
where the index δ takes values in {0, 1, 1/3, 2/3}. The order in the latter set is such that it matches the rows in which the entries Π δ,i should be placed. Let t = (t −1 , t 0 , . . . , t 6 ) be a flat-homogeneous coordinate system with degrees deg t i = d i . It is convenient to introduce the following involution ′ on the index set {−1, 0, 1, . . . , 6}: (14) (−1)
Let us fix flat coordinates such that the residue pairing has the form (∂ i , ∂ j ) = δ ij ′ . Finally, we form the following matrix: 
, where L(A) is the tube cycle that parametrizes the Frobenius structure.
Proof. Let A i be the semi-infinite cycles constructed from α i via rescaling. The oscillatory integrals J A i (s, z) satisfy the differential equations (7) and (8) . The coordinates of J A i (s, z) with respect to the 1-forms dt −1 , dt 0 , . . . , dt 6 give rise to column vectors and we put J(s, z) for the matrix formed by these columns. Using (8) we get that J(s, z) has the following form:
while (7) implies that S 0 is a constant matrix independent of t and z. Changing the cycles α i if necessary we can arrange that S 0 = 1.
(a) Let us compare the coefficients in front of z −δ for 0 ≤ δ ≤ 1 in
The RHS equals
where the dots stand for terms involving z −δ with δ > 1. We have S 1 dt −1 = t i dt i ′ , because both co-vectors satisfy the differential equations Lie ∂ i v(t) = dt i ′ and the initial condition v(0) = 0. Therefore,
Comparing the coefficients in front of z −δ for 0 ≤ δ < 1 in (16) we get (using also (13) 
In other words, up to some constant 4 × 8 matrix C the period matrix has the form that we want. In order to fix the constants we set t 0 = · · · = t 6 = 0. Up to some non-zero constant factors the differential forms c δ (s, x)ω/df , δ = 0, 1, 1/3, 2/3, coincide repectively with
where the dots stand for at least quadratic polynomials in s 0 , s 1 , . . . , s 6 . All periods vanish when t 0 = · · · = t 6 = 0, except for Π 0,−1 and Π 0,0 (note that Π 0,i = 0, 1 ≤ i ≤ 6, follows from Π 1,i = 0). We need to prove only that C 0,−1 = C 0,0 = 0. We return to these identities once we establish (b) and (c).
(b) The Gelfand-Leray forms φ i (x)ω/df give rise to a basis of eigenvectors for the classical monodromy operator with eigenvalues e 2π √ −1d i . Since we already proved in (a) that Π 0,1 = Π 1,1 = Π1 3 ,1 = 0, we get
In other words, α 1 belongs to the dual space of the space of middle cohomology classes spanned by φ i (x)ω/df , 1 ≤ i ≤ 3. The latter is the eigenspace with eigenvalue e following table of identities:
It follows that n = 0. The (1, 0)-identity gives −(−2π) −3/2 ms 0 = t 0 , while the remaining two identities give s
3/2 and C 0,−1 = 0, which imply also that C 0,0 = 0.
Modular transformations of the Frobenius structure.
Every closed loop C in Σ based at σ 0 induces a monodromy transormation ν of both H 2 (X σ 0 ; C) and H 2 (X σ 0 ; C). We refer to ν as a modular transformation, while the set of all modular transformations forms a group which we call the modular group of the family of singularities at hand. Let us fix a basis of cycles α i satisfying the conditions in Lemma 2.1. 
and
The second formula implies the following identity:
where α is some middle homology cycle. Indeed, the integrand on the LHS equals φ(x)d 3 x/dx i while the one on the RHS is
Lemma 2.2. Let ν be a modular transformation; then the matrix of ν with respect to the basis {α i } 6 i=−1 has the following block-diagonal form:
Proof. Let us compute the monodromy of the following sections
The space spanned by the sections with i = −1 and i = 0 is dual to the space of toroidal cycles, i.e., it is isomorphic to the homology group
On the other hand
Using formula (17) we get (recall that
Solving this differential equation for σ we get
is a flat section of the middle cohomology bundle. Under analytic continuation along a simple loop around (−27) 1/3 the RHS gains a factor of ǫ −1 , where ǫ = e 2πi/3 . Therefore, A 1 is an eigenvector of the corresponding monodromy transformation with eigenvalue ǫ. Similarly, one proves that
where A i (1 ≤ i ≤ 6) are eigenvectors with eigenvalues e −2πid i . Finally, using Lemma 2.1 we get
in the following two cases: (1) i = 1, 2, 3 and j = −1, 0, 4, 5, 6; (2) i = 4, 5, 6 and j = −1, 0, 1, 2, 3. This means that α i and A i belong to eigenspaces that are dual to each other. The lemma follows.
Modular transformations of the flat coordinates.
According to Lemma 2.1 there is a cycle B = bA ′ + aB ′ , linearly independent from A, s.t.,
is a flat coordinate and the residue pairing of the vector fields 1 and ∂/∂t −1 is 1. More precisely, in the notation of Lemma 2.1, we have
The intersection pairing on the elliptic curve at infinity, up to a sign, is the same as the Seifert form of the corresponding toroidal cycles. Using Theorem 10.28(i) from [18] , we see that up to a sign the intersection number A • B must be √ −1.
Remark 2.3. The basis {A, B} is not symplectic and t −1 is not a modulus of the elliptic curve at infinity.
The analytic continuation along a path
where (n ij ) is the matrix (from SL 2 (C)) that describes the parallel transport
g(α −1 ) = n 11 α −1 + n 21 α 0 , and g(α 0 ) = n 12 α −1 + n 22 α 0 .
For a given matrix g = (n ij ) ∈ SL 2 (C) we adopt the number theorist's notation
Lemma 2.4. The analytic continuation along the loop C induces a coordinate change t → ν(t) of the following form:
where k is some integer.
Proof. Note that the cycles α −1 and α 0 are transformed respectively into n 11 α −1 + n 21 α 0 and n 12 α −1 + n 22 α 0 . The period α 0 d 3 x/df is transformed into (n 12 t −1 + n 22 ) α 0 d 3 x/df , which implies that the primitive form ω transforms into ω/j(ν, t −1 ). According to Lemma 2.1, we have t 0 = α 0 c 1 (s, x)ω/df . Hence t 0 is transformed into
According to Lemma 2.1 the above integral is Π 1,−1 = t −1 t 0 + 1 2 6 j=1 t j t j ′ . This proves the transformation law for t 0 . The remaining ones are proved in a similar way by using Lemmas 2.1 and 2.2.
2.4.
Changing the Frobenius structures. Let A i , i = 1, 2 be two cycles of the form (12) . We pick a cycle B i for A i as explained above and let g i be the matrix such that t
Let k ∈ Z be an arbitrary integer.
Lemma 2.5. The map t → t, defined by
respects the residue pairings corresponding to A 1 and A 2 .
The proof is straightforward and it is omitted. In particular, this lemma allows us to identify the flat vector fields arising from two different families of flat cycles A 1 and A 2 . Note however, that the corresponding Frobenius multiplications are identical if and only if the cycle A 2 is obtained from A 1 by means of parallel transport along a closed loop. The reason for this is that every analytic isomorphism t
1 , where g is an automorphism of H, i.e., g ∈ SL 2 (R). The structure constants of the Frobenius multiplications are functions of σ; therefore if we think of σ as a function on the upper half-plane, then it should be g-invariant. But the automorphisms of H that preserve σ are precisely the elements of the modular group of the P 8 -singularity, i.e., the group of deck transformations of the universal cover H → Σ.
Givental's higher genus potential
In this section, we introduce Givental's higher genus potential F g,f ormal which will be our object of study.
3.1. Symplectic vector space. Let H be the space of flat vector fields on S equipped with the residue pairing ( , ). Following Givental we introduce the vector space H = H((z)) of formal Laurent series in z −1 equipped with the symplectic structure
Using the polarization H
we identify H with the cotangent bundle T * H + . Let us fix flat coordinates
where ∂ i = ∂/∂t i and ′ is the involution (14) . Using the residue pairing we identify the tangent and the cotangent bundle T S ∼ = T * S. Using the flat coordinates we trivialize the cotangent bundle T * S ∼ = S × H. In this way, H turns into the space of flat holomorphic differential 1-forms. We use the basis {dt i } 6 i=−1 of H in order to represent the linear transformations of H by matrices of size µ.
3.1.1. The stationary phase asymptotics. Let s ∈ S be a semi-simple point, i.e., the critical values u i (1 ≤ i ≤ µ) form locally near s a coordinate system. Then we have an isomorphism
that diagonalizes the Frobenius multiplication and the residue pairing:
The system of differential equations (7) and (8) admits a unique formal solution of the type
where U is a diagonal matrix with entries u 1 , . . . , u µ on the diagonal and R k (s) ∈ End(C µ ). Alternatively this formal solution coincides with the stationary phase asymptotics of the following integrals. Let B i be the semi-infinite cycle of the type (4) consisting of all points x ∈ C 3 such that the gradient trajectories of −Re(F/z) flow into the critical value u i . Then
We refer to [1, 15] for more details and proofs.
3.2. The total ancestor potential. Let us fix the Darboux coordinate system on H given by the linear functions q i k , p k,i defined as follows:
where dt i is identified via the residue pairing with ∂ i ′ . It is known (and it is easy to prove) that R is a symplectic transformation, i.e., T R(−z)R(z) = I µ . Note that R has the form e A(z) , where A(z) is an infinitesimal symplectic transformation. On the other hand, a linear transformation A(z) is infinitesimal symplectic if and only if the map f ∈ H → Af ∈ H defines a Hamiltonian vector field with Hamiltonian given by the quadratic function
Ω(Af, f). By definition, the quantization of e
A is given by the differential operator e h A , where the quadratic Hamiltonians are quantized according to the following rules:
Note that the quantization defines a projective representation of the Poisson Lie algebra of quadratic Hamiltonians:
where F and G are quadratic Hamiltonians and the values of the cocycle C on a pair of Darboux monomials is non-zero only in the following cases:
The action of the operator R on an element
whenever it makes sense, is given by the following formula:
, whose coefficients V kl are given by
By definition, the Kontsevich-Witten tau-function is the following generating series:
are the first Chern classes of the cotangent line bundles on M g,n . The function is interpreted as a formal series in q 0 , q 1 + 1, q 2 , . . . whose coefficients are Laurent series in ..
Let s ∈ S be a semi-simple point, i.e., the critical values u i (s) (1 ≤ i ≤ µ) of F (s, x) form a coordinate system. Let t = (t −1 , t 0 , . . . , t 6 ) be the flat coordinates of s. Motivated by the Gromov-Witten theory of symplectic manifolds Givental introduced the notion of the total ancestor potential of a semi-simple Frobenius structure. In particular the definition makes sense in singularity theory as well. Namely, the total ancestor potential is by definition the following formal function on H[z]:
The quantization Ψ is interpreted as the change of variables
The correctness of definition (26) is not quite obvious. The problem is that the substitution q → R −1 q, which, written in more detail, reads
is not a well-defined operation on the space of formal series. This complication however, is offset by a certain property of the Kontsevich-Witten tau function. By definition, an asymptotic function is an element of the Fock space
It is called tame if the following (3g − 3 + r)-jet constraints are satisfied:
The Kontsevich-Witten tau function, up to the shift q 1 → q 1 + 1, is tame for dimensional reasons: dim M g,r = 3g − 3 + r. It follows that the action of R is well-defined. Moreover, according to Givental [13] , R preserves the class of tame asymptotic functions. In other words, the total ancestor potential is a tame asymptotic function in the Fock space
Let us point out the following homogeneity property of the KontsevichWitten tau-function:
This formula can be used to rewrite the definition of the ancestor potential (26) in a different form, which looks simpler. However, we prefer to work with formula (26), otherwise A t will be a formal series in a different Fock space.
3.2.1. The total ancestor potential at non-semi-simple points. Equation (8) can be rewritten as
One may think of ∇ t as an isomonodromic family of connection operators on C \ {0} parametrized by t ∈ S. Let S(t, z) be gauge transformations of the form
The series S(t, z) is also a symplectic transformation so it can be quantized in the same way as R. The quantized symplectic transformation S acts as follows:
where W (q, q) is the quadratic form k,l (W kl q l , q k ) whose coefficients are defined by (29) k,l≥0
The + sign in (28) means truncation of all negative powers of z, i.e., in F (q) we have to substitute:
This operation is well-defined on the space of formal series. Note however that S 1 ∂ 0 = t (see the proof of Lemma 2.1), where t = t a ∂ a ∈ H are the flat coordinates of the point s ∈ S. Therefore, we have an isomorphism
Following Givental, we define the so-called total descendant potential:
is called the genus-1 potential. Since S(t, z) and ΨRe U/z satisfy the same differential equations with respect to t, one can check that the definition (30) is independent of t, i.e., ∂ i D = 0 for all i. By setting t = q 0 , we get that the total descendant potential is a formal series in q 1 + 1, q 2 , q 3 , . . . , whose coefficients are analytic multi-valued functions on S with poles along the caustic K. Here, multi-valued means that they are single-valued on the universal cover of S, while the caustic is the subset of S of all non-semi-simple points.
Since the calibration S is defined for all s ∈ S, we can use equation (30) to define A t for all t as well. Note however that in the setting of an arbitrary semi-simple Frobenius structure A t might not be a power series in q 0 . In the setting of singularity theory, Givental (see [15] ) conjectured that Conjecture 3.1. The coefficients of the total descendant potential D( ; q) extend holomorphically through the caustic K.
In particular, if this is true then the total ancestor potential A t is a power series in q 0 , q 1 + 1, q 2 , . . . whose coefficients are holomorphic functions in t.
3.3.
Extending A t over the non-semi-simple locus. The primitive form is multi-valued on Σ, but it is analytic on the universal cover Σ ∼ = H of Σ (see Subsection 2.4). Therefore, the Frobenius structure, which a priori is defined only for s ∈ S such that s −1 is near σ 0 , induces a holomorphic Frobenius structure on H × C µ−1 . Let K be the lift of the caustic to the universal cover, i.e., the set of all t ∈ H × C µ−1 such that the critical values {u i (t)} 6 i=−1 fail to form a coordinate system. Then the total ancestor potential is a formal series whose coefficients are holomorphic on H × C µ−1 \ K.
Lemma 3.2. Assume that the coefficients of the total ancestor potential are holomorphic in a neighborhood of some point τ 0 × 0 ∈ H × C µ−1 . Then they extend holomorphically across the caustic K.
Proof. Let a(t) be one of the coefficients of A t . Since the operators R k and the Hessians ∆ i have only finite order poles along K the same is true for a(t). In other words the set K a of all points t ∈ H × C µ−1 such that a(t) is not holomorphic is a analytic subset. Let us assume that K a is non-empty. Due to the Hartogs extension theorem the codimension of K a is at least 1 and hence it is exactly 1. According to the assumption of the lemma H × 0 is not contained in K a . It follows that K a intersects H×0 in a discrete subset {τ i ×0}. Moreover, due to homogeneity K a is invariant with respect to the rescaling action (with approriate weights) of C * on H × C µ−1 . Therefore every irreducible component of K a intersects H × 0, because the coordinates on C µ−1 have positive weights, so every C * -orbit intersects H × 0. It follows that K a is a disjoint union of irreducible components of the type {τ i } × C µ−1 . In particular, the caustic K has irreducible components of this type as well. But this is not true: it is easy to see that {τ i } × C µ−1 has a semi-simple point for every τ i .
According to M. Krawitz and Y. Shen [22] , if we choose the cycle A in such a way that π A (0)
Proof. Recall the notation from Section 3.1.1. The coefficients R k are determined recursively by the following relations:
which determines the off-diagonal entries of R ij k+1 in terms of the entries of R k , and
These formulas are derived from the fact that the asymptotic operator ΨRe U/z is a solution to the system of differential equations (7) and (8) (see [15] ). In order to prove that the coefficients of the ancestor potential have finite order poles at the cusps, it is enough to prove that the asymptotic operator has finite order poles at σ = ∞ and σ 3 + 27 = 0. Given a point t = (t −1 , t 0 , . . . , t µ−2 ) we put ′ t = (t 0 , . . . , t µ−2 ) and view the critical values as functions in (σ, ′ t) ∈ Σ × C µ−1 . We need to prove that (for ′ t fixed) u i (σ, ′ t) has a finite order pole at the punctures of the Riemann sphere Σ. Let us show how the argument works for one of the finite punctures σ 0 , i.e., σ 0 is such that σ 3 0 + 27 = 0. For the puncture at σ = ∞ the argument is similar.
It is well known that the critical values are eigenvalues of the multiplication by the Euler vector field, i.e., they are the zeroes of an algebraic equation
It is easy to see that there is an integer m and a constant C such that
for all (σ, ′ t) in a fixed neighborhood of (σ 0 , 0). Since we have
at least for one k we must have
From here one gets easily that
Transformations of the ancestor potentials
Let us fix a flat coordinate system
corresponding to an arbitrary primitive form. It is convenient to denote the remaining coordinates by ′ t = (t 0 , t 1 , . . . , t 6 ). Slightly abusing the notation we will sometimes identify t −1 with the point (t −1 , 0).
Recall that analytic continuation along some closed loop in Σ transforms the flat coordinates t → ν(t) according to the formulas in Lemma 2.4. In this section we would like to calculate how the total ancestor potential A t −1 ( ; q) transforms under analytic continuation. We will assume that Conjecture 3.1 holds, so that we can view the total ancestor potential as a formal series in q 0 , q 1 + 1, q 2 , . . . . This assumption is not really necessary in order to prove the transformation law of A t −1 , but it is necessary later on in order to prove that the coefficients of A t −1 are quasi-modular forms.
Modular transformations.
We start by determining how the operator ΨRe U/z changes under analytic continuation along some closed loop in Σ. Let ν be the corresponding modular transformation of the middle homology group H 2 (X σ 0 ,1 ; Z). Note that if we fix a Morse coordinate system near each critical point ξ i , then analytic continuation will simply permute the basis. Hence, the monodromy transformation of the stationary phase asymptotics of the oscillatory integrals B i e F/z ω is represented by some permutation matrix P .
where the * entries in the first row and the second column are respectively
. Let us point out that the transposition of a given matrix A with respect to the residue pairing has the following form:
Lemma 4.1. Analytic continuation changes the operator ΨRe U/z into
where ν = (g, k) is the corresponding modular transformation.
Proof. By definition
where I B i [e F/z ω] denotes the stationary phase asymptotics. Under analytic continuation the primitive form becomes ω/j(g, t −1 ), while the asymptotics I B i changes into I P (B j ) . It remains only to determine the monodromy of the flat vector fields
Recall that under analytic continuation the flat coordinates t are transformed into ν(t) (see Lemma 2.4). Put s = (s −1 , s 0 , . . . , s 6 ). Then we have s(ν(t)) = s(t). Using the chain rule
we get that the matrix with entries m aj coincides with the Jacobian matrix
. The latter is straightforward to compute: On the other hand the derivative in (36) is
It is convenient to introduce the linear operator P : C µ → C µ whose action on the standard basis {e i } corresponds to the permutation of the Morse coordinate systems B i → P (B i ). Then formula (36) takes the form
Note that
is the (a ′ , j ′ )-entry of the matrix M (see (32) ). To finish the proof, it remains only to use that
Theorem 4.2. Analytic continuation transforms
where we first apply the operator X ν,t −1 and then we rescale and q.
Proof. The idea is to derive the transformation law for the ancestor potential A t at some semi-simple point t = (t −1 , ′ t) and then pass to the limit ′ t → 0. According to Lemma 4.1 the operator ΨRe U/z is transformed into
We may assume that P = 1 because P is a permutation matrix, so its quantization P will leave the product of Kontsevich-Witten tau functions invariant.
The quantization is in general only a projective representation. However, the quantization of the operators Ψ −1 M 0 T MΨ and R involves quantizing only p 2 and p q-terms. Since the cocycle (22) on such terms vanishes we get
The operators M 0 and Ψ are independent of z and their quantizations by definition are just changes of variables. Hence
.
, which gains a factor of j(ν, t −1 ) −2 under analytic continuation. The ancestor potential (26) is transformed into
Let us take the limit ′ t → 0. Using formula (32), we see that
It remains only to notice that the rescaling
commutes with the action of any quantized operator.
4.2.
Non-modular transformations. Assume now that we have two Frobenius structures corresponding to some cycles A 1 and A 2 . According to Lemma 2.5 the relation between the flat coordinates for A 1 and A 2 can be described by a pair ν = (g, k) ∈ SL 2 (C) × Z.
Lemma 4.3. Let (ΨRe U/z ) A i be the asymptotic operator corresponding to the cycle
The proof of this Lemma is similar to the proof of Lemma 4.1. Moreover, using the same argument as in the proof of Theorem 4.2, we get Theorem 4.4. Let A A i ,t −1 ( ; q) be the total ancestor potential of the Frobenius structure corresponding to A i (i = 1, 2); then
Let us emphasize the difference between Theorem 4.2 and Theorem 4.4. The former compares the values of the ancestor potential at two different points in H × C µ−1 . The latter compares the ancestor potentials of two different Frobenius structures at the same point in H × C µ−1 .
4.3.
The genus-1 potential. We finish this section by describing the modular transformations of the genus-1 potential (31). The potential is a homogeneous function of degree 0 and therefore it depends only on the moduli τ = t −1 of the Frobenius structure. In fact, it is the derivative ∂F (1) := ∂F (1) /∂t −1 that transforms more naturally.
Proposition 4.5. Let ν = (g, k) ∈ SL 2 (C) × Z be a modular transformation; then
Proof. Recall the notation in the proof of Theorem 4.2. Note that
in order to prove the proposition, we need to verify that
On the other hand, since by definition
the LHS of the above identity is precisely tr
depends only on the moduli t −1 , we may assume that ′ t = 0. In this case however, the quantum multiplication operator ∂ −1 • t −1 and M 0 ( T M 1 ) are given by the following matrices: 0 0 1 0 ⊕ (0 · I 6 ), and 0 −n 12 /j(g, t −1 ) 1 0
The proposition follows.
Corollary 4.6. Let ν = (g, k) ∈ SL 2 (C) × Z be a modular transformation; then
Assume that we have two Frobenius structures corresponding to some cycles
be the genus-1 potentials and ν = (g, k) ∈ SL 2 (C) × Z be the transformation identifying the two flat structures; then Corollary 4.7. The following formula holds:
The genus-1 potential of a simple elliptic singularity was computed by I. Strachan [40] . In the P 8 case (when µ = 8) the answer is the following:
The computation in [40] is carried out for a specific choice of the cycle A. However, using Corollary 4.7, we get that the above formula is valid for all possible choices of A.
Anti-holomorphic completion
The transformation of the ancestor potential under the modular group from the previous section is slightly complicated. In particular, the potential is not modular. A magic trick to restore the modularity is to complete it to an anti-holomorphic function. We call it an anti-holomorphic completion. It is motivated by physics (see [2] ) and it has its origin in the so-called holomorphic anomaly equations. Mathematically, it can be thought as generalizing the construction of quasi-modular forms. 
is modular, i.e.,
f (τ, τ ) is called the anti-holomorphic completion of f (τ ). For more details we refer to [19] . The key example of a quasi-modular form is the Eisenstein series
It is known that G 2 satisfies the following identity:
where the matrix g and its action on τ are the same as in (20) . The map τ → g(τ ) induces the following transformation:
−1 transforms as a modular form of weight 2. It is not hard to prove that every quasi-modular form can be written uniquely as a polynomial in G 2 whose coefficients are modular forms on Γ.
For our purposes, we have to relax condition (1) in the definition of a quasimodular forms. Namely, we will be assuming that the forms have finite order poles at the cusps.
5.2.
The anti-holomorphic completion of A t −1 ( ; q). We continue to denote by t → ν(t) the transformation of the flat coordinates corresponding to analytic continuation along a closed loop in Σ. Recall also that t −1 is identified with a point τ ′ on the upper-half plane via some fractional linear transformation g. Slightly abusing notation we define complex conjugation:
i.e., the complex conjugation of t −1 is the one induced from the upper halfplane. Note that the transformation law (41) still holds. Put
and define
As a consequence of Theorem 4.2 we get the following corollary..
Corollary 5.1. Analytic continuation transforms the anti-holomorphic completion (42) as follows:
Proof. Using the transformation rule (41) we get that analytic continuation transforms
Since the quantization is a representation when restricted to the space of uppertriangular symplectic transformations, the quantization of the RHS of the above equation is just a composition of the quantizations of the two operators. It remains only to use Theorem 4.2 and the fact that under the rescaling
the operators change as follows
5.3.
Quasi-modularity of the ancestor potential. It is convenient to introduce the following multi-index convention. Given I = (i 0 , i 1 , . . . ), with only finitely many i k := (i k,−1 , i k,0 , . . . , i k,6 ) ∈ Z µ different from 0, we define the monomial 
where the genus-g potential F
is a formal series of the following type:
Similarly, we let a I (t −1 ) be the coefficients of the ancestor potential A t −1 ( ; q). Finally, for each multi-index I we introduce the following two integers: 
Proof. Analytic continuation transforms the series (43) into
On the other hand the substitution q → J(ν, t)q transforms the series (43) into
Recalling Corollary 5.1, we get the following formula: 
transforms ΨRe U/z according to the formula in Lemma 4.1, where P = I µ and ν = (I 2 , 1). Assuming this claim, we get that under the rescaling (45) the descendant potential transforms according to Theorem 4.2. This means that formula (44) is still valid, and since g = I 2 we get that e −2πid(I) = 1, i.e., d(I) must be an integer.
The claim follows easily from the homogeneity property of the oscillatory integrals. Namely, from
where the scalar e c acts on the i-th coordinate of t with weight d i . Let c → 2πi and note that the limit of the LHS, up to sign, coincides with rescaling J B i (t, z) via (45). On the RHS the operator e 2πiθ coincides with the matrix (− T M ν ), where ν = (I 2 , 1) (and ′ t = 0).
Relating to Gromov-Witten theory
We have finished the proof of quasi-modularity of global Saito-Givental theory for P 8 . The remaining two cases of simple elliptic singularities are
3 + 27 = 0, and
The proof of quasi-modularity for X 9 , J 10 is identical and we leave it for the readers to fill in the details. On the other hand, global Saito-Givental theory is considered to be a B-model theory. To draw consequences for A-model theory, such as the GW theory of an elliptic orbifold P 1 , we have to identify the A-model theory as a certain limit of the B-model. For our purposes, there are two important limits, the Gepner limit σ = 0 and the large complex structure limit σ = ∞. The Gepner limit corresponds to FJRW theory, while the large complex structure limit corresponds to GW theory. For simple elliptic singularities, the appropriate flat coordinates at the Gepner limit σ = 0 have been worked out already by Noumi-Yamada [26] . In our set-up, they correspond to the choice of a cycle A such that π A (0) = 1, π ′ A (0) = 0. We define
where F (1)
A and A A,t are the genus-1 potential and the total ancestor potential of the Frobenius structure corresponding to the cycles A. The following theorem is the LG-to-LG all genera mirror theorem of Krawitz-Shen [22] . Theorem 6.1. For P 8 , X 9 , J 10 , e −t −1 /24 A Gepner,t coincides with the ancestor potential function of FJRW invariants, up to a linear identification of the flat coordinates.
Since the FJRW ancestor potential function extends over the caustic, Lemma 4.3 implies Corollary 6.2. The conjecture 3.2 holds for P 8 , X 9 , J 10 , i.e., global SaitoGivental theory extends over the caustic.
The above corollary allows us to define the ancestor potential function at t i = 0 for i ≥ 0, which is crucial for our discussion of modularity.
6.1. The divisor equation in singularity theory. Before we start to discuss the large complex structure limit and the relation to Gromov-Witten theory, we discuss the divisor equation in the B-model. The latter is an important tool in the computation of Gromov-Witten theory and it is necessary for the LG-to-CY mirror theorem of Krawitz-Shen [22] .
Let us denote by P the flat vector field ∂/∂t −1 . Let t = (t −1 , t 0 , . . . , t 6 ) be a generic semi-simple point. We will prove below that the correlators of the ancestor potential A t ( ; q) are invariant with respect to the transformation t −1 → t −1 + 2πi and that they expand in a Fourier series in q = e t −1 near q = 0 (see Proposition 6.5).
On the other hand, the ancestor potential of the singularity satisfies the differential equation
This formula follows from the fact that the quantization operator ΨRe U/z satisfies the quantum differential equations. According to Corollary 4.5, ∂ −1 F (1) (t) is a quasi-modular form (of weight 2). In particular, it admits a Fourier expansion near q = 0. Moreover, a straightforward computation shows that the constant term of this expansion is −1/24. For P 8 , one has to use formula (40) and the Fourier expansions of σ and π A from Section 6.2. In the other two cases the computation is again straightforward, thanks to the results of I. Strachan (see [40] ). In other words, A LCS,t ( ; q) := e 
can be expanded into a Fourier series near q = 0. Since the ancestor extends through the caustic, we can take the limit of A LCS,t as ′ t = (t 0 , t 1 , . . . , t µ−2 ) → 0. The resulting function, or more precisely its Fourier expansion, will be denoted by D LCS,q ( ; q). It satisfies the following differential equation:
where P • is the Frobenius multiplication by P at t = (t −1 , 0, . . . , 0). Note that
Therefore, the differential equation from above coincides with the divisor equation in the GW theory of the corresponding orbifold projective line with Novikov variable q and divisor class P. More precisely, the differential equation gives the following relation between the correlators of D LCS,q ( ; q):
Here
is by definition the coefficient in front of g−1 q
In the rest of this section, we focus on the coordinates at the large complex structure limit σ = ∞ and the identification with GW theory. There is a large body of literature in the Calabi-Yau case. The identification is referred as a mirror map. In our case it goes as follows. On the A-model side, the A-model moduli space has a coordinate t −1 corresponding to a complexified Kähler class. GW theory involves power series in q = e t −1 . The B-model moduli are parameterized by σ 3 (for P 8 and J 10 ) or σ 2 for X 9 . For our purposes, it is convenient to work with σ directly. The mirror map is a map σ → t −1 (σ) defined locally around σ = ∞. By fixing a symplectic basis {A, B} we can identify the Kähler class t −1 with the modulus of the complex structure τ = π B /π A . We can treat the mirror map as a map τ → τ (σ). The latter can be described explicitly via the Picard-Fuchs equations satisfied by the periods π A and π B . We begin with the P 8 -case.
6.2. Large complex structure limit of the family P 8 . To begin with, let us construct a Frobenius manifold isomorphism between the Milnor ring of P 8 and the quantum cohomology of P 1 (3, 3, 3) . The orbifold cohomology admits the following natural basis: ∆ 0 := 1, ∆ −1 := P is the hyperplane class, and ∆ i and ∆ i ′ , i ′ = 7 − i, are the cohomology classes 1 supported on the twisted sectors of the i-th orbifold point (i = 1, 2, 3) of age 1/3 and 2/3 respectively (see [4] for some background on orbifold GW theory). The only non-zero Poincaré pairings between these cohomology classes are
According to Krawitz-Shen [22] the quantum cohomology and the higher-genus theory are uniquely determined from the divisor equation and the correlators:
To set up the B-model coordinates, we first have to choose a symplectic basis {A, B}. The corresponding periods π A and π B are solutions to the differential equation (9) , which has a regular singular point at σ = ∞. We choose the cycles A, B in such a way that
The coefficients b k can be determined uniquely from the recursion relation
where a k are the coefficients of the hypergeometric series 2 F 1 (1/3, 2/3; 1; y), i.e.,
These formulas suggest that the correct parameter of the B-model moduli is (−σ/3) −3 , but this is not important for us. Exponentiating, we obtain an identity of the following form:
where the coefficients c k can be written explicitly in terms of a k and b k . By inverting the above series we can obtain the Fourier expansion of −σ −1 in terms of q := e 2πiτ /3 . Note that
and that the monomials (σ 3 + 27) deg φ i φ i (x)(−1 ≤ i ≤ 6) provide a basis in which the residue pairing with respect to the standard volume form is constant. It follows that the identifications
provide an isomorphism between the Poincaré and the residue pairings. Moreover, after a straightforward computation, we find the leading terms of the Fourier series of the following correlators:
Remark 6.3. The Fourier expansion of −iπ A (σ) coincides with Saito's eta product (see [31] )
Proposition 6.4. The cycles A and B are integral up to a scalar factor and τ is a modulus of the elliptic curve at infinity.
Proof. The j-invariant of the elliptic curve at infinity is
According to Kodaira [20] , there exists a symplectic basis {A ′ , B ′ } of H 1 (E σ ; Z) whose monodromy around σ = ∞ is the same as the monodromy of {π A , π B }. Comapring with the well known Fourier expansion of the j-invariant, we get that τ = τ ′ and hence the constant d = 0. Note that under the identification between the quantum cohomology and the Milnor ring from above, the Kähler parameter (i.e., the coordinate along the hyperplane class P ) becomes t −1 . The next Proposition guarantees that the divisor equations in singularity theory and in Gromov-Witten theory are the same.
This implies that
Proposition 6.5. The Kähler parameter is related to τ via the following mirror map:
Proof. We want to compute the constant (1, ∂/∂τ ) A (the index A means residue pairing with respect to d 3 x/π A ). To begin with note that
The numerator is the Wronskian of the solutions π B and π A of the differential equation (9) and hence it equals
where we took the expansion near σ = ∞ and kept only the leading term. On the other hand using the expansions of π A and π B at σ = ∞ (see formulas (46) and (47)) one can check that the leading order term of the numerator is: 3σ −3 /2πi. Therefore, the above constant is 3/2πi. Now, from equation (48), we get (1, ∂/∂τ ) A = 2πi/3. On the other hand, since 1 = (1, P ) = (1, ∂/∂t −1 ), we must have t −1 = 2πiτ /3.
All necessary conditions for the reconstruction theorem of Krawitz-Shen are satisfied. Therefore, we have the following theorem: Theorem 6.6. Under the identification of q = e 2πiτ /3 with the Novikov variable, D LCS,q is equal to the descendant potential function of the elliptic orbifold P 1 with weights (3, 3, 3) .
It is well known that the modular group, i.e., the monodromy group of the local system H 1 (E σ ; Z), σ ∈ Σ, is Γ(3) -the principal congruence subgroup of level 3. Let us denote by a I (τ ) does not have a pole at the cusp, i.e., at q = 0. The situation is similar to the extendibility of Givental's function to the caustic. Again we draw the conclusion from the mirror A-model side by using Krawitz-Shen's GW-to-LG all genera mirror theorem.
Remark 6.9. One may wonder if analytic continuation alone will relate A Gepner to A LCS . The answer is generally no. We are choosing different symplectic bases at σ = 0, σ = ∞. One basis may not be analytic continuation of the other. For example, we can often choose an integral basis at σ = ∞. But the basis at σ = 0 is not integral in general.
Remark 6.10. It is convenient to use the language of symplectic bases to describe the ideas. Technically, it is easier to work with Picard-Fuchs equations. Fortunately, the two approaches are equivalent. However, it is generally a difficult question to identify a solution of the Picard-Fuchs equation with the period of an explicit cycle.
6.3. Large complex structure limit of the family X 9 . The primitve forms are given by d 3 x/π A (σ), where π A (σ) is a solution to the same differenrial equation as in the P 8 -case. 6.3.1. The Gauss-Manin connection in the marginal direction. In order to identify the quantum cohomology with the Milnor ring, we need to find the monomials in the Milnor ring for which the residue pairing assumes a constant form. We fix the following basis in the Milnor ring: φ −1 = x 0 x 1 x 2 , φ 0 = 1, and φ i for i = 1, 2, . . . , 7 are given respectively by
Put Φ i (σ) for the section φ i d 3 x/df of the middle cohomology bundle. A straightforward computation, similar to the one in Section 2.3, gives the following differential equations:
From here we get the following solutions: 6.3.2. The orbifold quantum cohomology. The orbifold cohomology of P 1 (4, 4, 2) has the following natural basis: 1 is the unit, P is the hyperplane class, and the remaining cohomology classes are supported on the twisted sectors. Namely, ∆ i1 , ∆ i2 , ∆ i3 , i = 1, 2 are the units (∆ ik has degree k/4) in the cohomology of the twisted sectors of the i-th Z/4Z-orbifold point, and ∆ 31 is the unit in the cohomology of the twisted sector of the Z/2Z-orbifold point. The only non-zero pairings are
where i = 1, 2. Also, the following correlators are easily computed because the corresponding moduli spaces are points.
According to , the quantum cohomology and the higher genus theory are uniquely determined from the above relations and the divisor equation.
We specify the cycles {A, B} by choosing the corresponding periods π A and π B . The period π A is the same as in the P 8 -case (see (46)), while π B is 3 times larger:
Proposition 6.11. Up to a scalar, the cycles A and B are integral and τ is a modulus of the elliptic curve at infinity.
Proof. The argument is similar to the one in Proposition 6.4: we need to check that the j-invariant has the correct Fourier expansion in terms of e 2πiτ . The j-invariant of the elliptic curve at infinity is
Substituting in this formula the Fourier series of −σ −1 , we get
it is easy to check that if we identify
then the residue and the Poincaré pairings coincide. Moreover, put q = e 2πiτ /4 ; then we have the following formulas for the correlators: Proposition 6.12. The Kähler parameter is related to τ via the following mirror map:
The proof is along the same lines as Proposition 6.5 and it is left as an exercise. Using again the results of Krawitz-Shen we have the following GWto-LG all genera mirror theorem. 
The solutions have the form From here we can determine the elements in the Milnor ring that correspond to the flat sections A i . They should correspond to orbifold cohomology classes of P 1 (6, 3, 2).
The quantum cohomology.
A natural basis in the orbifold cohomology is: the unit 1, the hyperplane class P , and the units of the twisted sectors
, and ∆ 31 . The Poincaré pairing in this basis is non-zero only in the following cases:
According to Krawitz-Shen [22] , the quantum cohomology and the highergenus theory are uniquely determined by the divisor equation and the following correlators:
From here we can express −σ −1 as a Fourier series in e 2πiτ /9 , where τ := π B /π A .
Proposition 6.15. Up to a scalar, the cycles A and B are integral and τ is a modulus of the elliptic curve at infinity.
In order to match the quantum cohomology and the Milnor ring we make the following identifications (η = e 2πi/6 ): It is easy to check that the Poincaré and the residue pairings agree. We also have the analogue of Proposition 6.5.
Proposition 6.16. The Kähler parameter is related to the modulus τ via the following mirror map:
The proof is again along the same lines and it is omitted. In order to recall the main result of Krawitz-Shen we just need to check that the Fourier expansions of the correlators in powers of q := e 2πiτ /6 have the correct leading terms. For the first correlator we have and a finite index subgroup of SL 2 (Z). Given a differential form ω ∈ q * Ω 3 X/S , we denote by e F/z ω its projection on H F . The sheaf H F is equipped with a Gauss-Manin connection: where d 3 x = dx 0 dx 1 dx 2 is the standard volume form. We say that an element ω ∈ H F is homogeneous of degree r if (z∇ ∂/∂z + ∇ E )ω = rω, Since g(s, x)d 3 x is a homogeneous volume form the function g(s, x) must be homogeneous of degree 0, i.e., g(s, x) depends only on the degree-0 variable s −1 = σ. Condition (P1) holds for any degree-0 function g, due to the homogeneity (K4) and the skew-symmetry (K1) of K F .
We are going to prove that all primitive forms have the form d 3 x/π a (σ), where a is a monodromy invariant cycle and π a is the Gelfand-Leray period (11) .
All identities involving holomorphic forms should be understood in the space H F of oscillatory integrals, i.e., we work modulo (zd X/S + dF ∧)-exact forms. Note that we have the following identity:
where we adopted Einstein's convention for summation over repeating lower and upper indices. The coefficients are homogeneous functions on S of degree, respectively:
In particular, A In order for ω to be primitive we have to arrange that
F (z∇ ∂/∂s i z∇ ∂/∂s j ω, z∇ ∂/∂s l ω) = 0 for all − 1 ≤ i, j, l ≤ 6.
We already know that K (k) F (z∇ ∂/∂s i ω, z∇ ∂/∂s l ) = 0 for all i and l, and all k ≥ 1. Therefore, using property (K3) of the higher residue pairing, we get that it is enough to prove that the last of the above 3 terms is 0. In other words, g must be a solution to a second order differential equation. Put u = 1/g; then the Alternatively, solutions of the differential equation can be constructed via the Laplace transform of the oscillatory integrals. Namely, the Gelfand-Leray periods π α where α is any flat middle homology cycles. Note however, that the Gelfand-Leray periods vanish whenever α is an eigenvector of the classical monodromy with eigenvalue different from 1. Therefore, we may assume that α is an invariant cycle with respect to the classical monodromy, i.e., it is a tube cycle.
